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'BDFUFE &YFDVUJPO JT B MJOHVJTUJD QBSBEJHN GPS EZOBNJD JOGPSNBUJPO�੘PX DPOUSPM� 6OEFS GBDFUFE FYFDVUJPO
 TFDVSF QSPHSBN
EBUB JT SFQSFTFOUFE CZ GBDFUFE WBMVFT� EFDJTJPO USFFT UIBU FODPEF IPX UIF EBUB TIPVME BQQFBS UP JUT PXOFS 	SFQSFTFOUFE CZ
B MBCFM
 WFSTVT FWFSZPOF FMTF� 8IFO MBCFMT BSF BMMPXFE UP CF ੗STU�DMBTT 	J�F�
 QSFEJDBUFT UIBU EFDJEF BU SVOUJNF XIJDI EBUB UP
SFWFBM

 GBDFUFE FYFDVUJPO FOBCMFT QPMJDZ�BHOPTUJD QSPHSBNNJOH� B QSPHSBNNJOH TUZMF UIBU BMMPXT QSJWBDZ QPMJDJFT GPS EBUB UP
CF FOGPSDFE JOEFQFOEFOUMZ PG DPEF UIBU DPNQVUFT PO UIBU EBUB�

5P EBUF
 JNQMFNFOUBUJPOT PG GBDFUFE FYFDVUJPO BSF SFMBUJWFMZ IFBWZXFJHIU� SFRVJSJOH FJUIFS DIBOHJOH UIF MBOHVBHF SVO�
UJNF PS UIF BQQMJDBUJPO DPEF 	F�H�
 CZ VTJOH NPOBET
� 'PMMPXJOH 3BDLFU۝T MBOHVBHFT�BT�MJCSBSJFT BQQSPBDI
 XF QSFTFOU 3BDFUT�
BO JNQMFNFOUBUJPO PG GBDFUFE FYFDVUJPO BT B MJCSBSZ PG NBDSPT� (JWFO 3BDLFU۝T IJHIMZ�FYQSFTTJWF NBDSP TZTUFN
 PVS JNQMF�
NFOUBUJPO GPMMPXT SFMBUJWFMZ EJSFDUMZ GSPN UIF TFNBOUJDT PG GBDFUFE FYFDVUJPO� 5P EFNPOTUSBUF IPX 3१३५ॺॹ DBO CF VTFE GPS
QPMJDZ�BHOPTUJD QSPHSBNNJOH
 XF VTF JU UP CVJME B XFC�CBTFE HBNF PG #B॒MFTIJQ� 0VS JNQMFNFOUBUJPO TIFET MJHIU PO TFWFSBM
JOUFSFTUJOH JTTVFT JO JOUFSBDUJOH XJUI DPEF XSJ॒FO XJUIPVU GBDFUFE FYFDVUJPO� 0VS 3१३५ॺॹ JNQMFNFOUBUJPO JT PQFO TPVSDF
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"T JOGPSNBUJPO TZTUFNT CFDPNF NPSF JOUFSDPOOFDUFE BOE DPNQMFY
 UIFZ DPOTVNF BO FWFS�HSPXJOH BNPVOU PG
QSJWBUF EBUB� 4ZTUFN EFTJHOFST DPNNVOJDBUF UP VTFST IPX UIFJS EBUB NBZ CF VTFE WJB B QSJWBDZ QPMJDZ� 6OGPS�
UVOBUFMZ
 JNQMFNFOUJOH TVDI QPMJDJFT DPSSFDUMZ JT DIBMMFOHJOH� VTFST PॏFO IBWF QBSUJBM DPOUSPM PWFS UIF QPMJDZ
	F�H�
 XIFUIFS UIFJS QIPOF OVNCFS JT QVCMJDMZ WJTJCMF PS QSJWBUF
 BOE QPMJDJFT DBO DIBOHF GSFRVFOUMZ� /PU POMZ
DBO TQFDJ੗D QSJWBDZ QPMJDJFT CF IJHIMZ EZOBNJD 	EFQFOEFOU PO SVOUJNF WBMVFT

 CVU UIF QSPDFTT PG JNQSPWJOH
QSJWBDZ QPMJDJFT DBO CF IJHIMZ EZOBNJD BDSPTT UJNF� "T QPMJDJFT FWPMWF
 EFWFMPQFST GBDF NBTTJWF 	SF
FOHJOFFSJOH
F੖PSUT UP FOTVSF UIBU JNQMFNFOUBUJPOT DPOUJOVF UP NBUDI UIF QPMJDZ BU FWFSZ SFMFWBOU QPJOU JO UIF DPEFCBTF�
1PMJDZ�BHOPTUJD QSPHSBNNJOH JT B MJOHVJTUJD QBSBEJHN UIBU EFDPVQMFT UIF JNQMFNFOUBUJPO PG QSJWBDZ QPMJDJFT

GSPN UIF DPEF UIBU PQFSBUFT PO TFOTJUJWF EBUB� य़JT GSFFT EFWFMPQFST UP XSJUF QSPHSBNT NPTUMZ BT UIFZ XPVME GPS
JOTFDVSF DPEF
 XJUIPVU JOTFSUJOH TQFDJ੗D MPHJD UP NBOBHF JOGPSNBUJPO�੘PX QPMJDJFT EJSFDUMZ JOUP BQQMJDBUJPO DPEF�
*OTUFBE
 EBUB JT MBCFMFE XJUI JUT QPMJDZ BT JU FOUFST UIF TZTUFN BOE TVDI MBCFMT QSPQBHBUF UISPVHI UIF QSPHSBN

BMPOHTJEF EBUB
 BT DPNQVUBUJPO QSPHSFTTFT� 8IFO B TFDVSF WBMVF OFFET UP CF JOUSPTQFDUFE VQPO 	PS QSPQBHBUFT
PVUTJEF UIF BQQMJDBUJPO

 JUT QPMJDZ DBO CF JOWPLFE BU UIJT QPJOU EZOBNJDBMMZ� य़JT QBSBEJHN BJNT UP QFSNJU DPEF
NBOJQVMBUJOH TFOTJUJWF EBUB UP CF XSJ॒FO JO B NBOOFS FOUJSFMZ PSUIPHPOBM UP QPMJDJFT UIFNTFMWFT�
'BDFUFE FYFDVUJPO 	'&
 JT B IJHIMZ FYQSFTTJWF MBOHVBHF TFNBOUJDT FOBCMJOH QPMJDZ�BHOPTUJD QSPHSBNNJOH <�>�

*O '&
 EZOBNJD JOGPSNBUJPO�੘PX NPOJUPST JOTUSVNFOU UIF QSPHSBN
 FODPEJOH TFOTJUJWF WBMVFT BT GBDFUFE WBMVFT�
EFDJTJPO USFFT TQFDJGZJOH EJ੖FSFOU WJFXT PG EBUB BDDPSEJOH UP EJ੖FSFOU QPTTJCMF TFDVSJUZ MBCFMT� 'PS FYBNQMF
 UIF
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GBDFUFE WBMVF ⟨Alice ? #t⋄ #f ⟩ SFQSFTFOUT B WBMVF UIBU TIPVME BQQFBS UP "MJDF BT #t BOE UP FWFSZPOF FYDFQU "MJDF
BT #f� 'BDFUFE FYFDVUJPO QSPQBHBUFT EJTUJODU GBDFUT PG B WBMVF CZ FYUFOEJOH DPSF MJOHVJTUJD QSJNJUJWFT 	TVDI BT
GVODUJPO BQQMJDBUJPO
� 'PS FYBNQMF
 DPOTJEFS UIF BQQMJDBUJPO (x #t) XIFSF x JT ⟨Alice ? λx . #t ⋄ not ⟩� 3BDLFU۝T
TUBOEBSE GVODUJPO BQQMJDBUJPO XJMM GBJM IFSF CFDBVTF 3BDLFU۝T #%app FYQFDUT B QSPDFEVSF SBUIFS UIBO B GBDFU� *O�
TUFBE
 UIF QSPQFS XBZ UP JOUFSQSFU GVODUJPO BQQMJDBUJPO PO GBDFUFE WBMVFT JT UP EJTUSJCVUF UIF BQQMJDBUJPO PWFS BMM
	JO UIJT DBTF
 CPUI
 GBDFUT
 QSPEVDJOH ⟨Alice ? #t⋄ #f ⟩� JG "MJDF JT WJFXJOH
 UIF BQQMJDBUJPO ZJFMEFE USVF
 PUIFSXJTF
JU ZJFMEFE GBMTF
 TP CPUI BSF DPNQVUFE VOUJM UIF WBMVF JT FYQMJDJUMZ PCTFSWFE XJUI TQFDJ੗FE QFSNJTTJPOT� .BOZ
PUIFS DPSF GPSNT 	TVDI BT if
 set!
 FUD۪
 SFRVJSF TJNJMBS DIBOHFT UP IBOEMF GBDFUFE WBMVFT DPSSFDUMZ�

1PMJDZ�BHOPTUJD QSPHSBNNJOH QSPNPUFT UIF JEFB UIBU QSPHSBNNFST TIPVME CF BCMF UP XSJUF QSPHSBNT ۠OPS�
NBMMZ 
ۡ XJUIPVU DPODFSOJOH UIFNTFMWFT XJUI IPX QSJWBDZ QPMJDJFT BSF FOGPSDFE� 6OGPSUVOBUFMZ
 UIF SFMBUJWFMZ
GPVOEBUJPOBM MJOHVJTUJD DIBOHFT SFRVJSFE UP FOBCMF GBDFUFE FYFDVUJPO IBWF IJOEFSFE JNQMFNFOUBUJPOT UIVT GBS�
%ZOBNJD HFOFSBUJPO PG ੗STU�DMBTT TFDVSJUZ MBCFMT
 USBDLJOH BO BSCJUSBSZ OVNCFS PG GBDFUT QFS WBMVF
 BOE LFFQJOH
GBDFUFE�WBMVF USFFT JO B DBOPOJDBM PSEFS
 BSF BMM DFOUSBM DIBMMFOHFT JO BOZ QSBDUJDBM JNQMFNFOUBUJPO� 'PS FYBNQMF

UIF ੗STU JNQMFNFOUBUJPO PG '& 	CZ "VTUJO BOE 'MBOBHBO <�>
 FYUFOEFE B +BWB4DSJQU JOUFSQSFUFS UP BDDPVOU GPS
GBDFUFE WBMVFT� 0UIFS JNQMFNFOUBUJPOT VTF NPOBET <��> PS SFMZ VQPO UIJSE�QBSUZ NBDSP TZTUFNT <��>� 8F LOPX
PG OP FYJTUJOH JNQMFNFOUBUJPO PG '& UIBU BJNT UP JOUFSPQFSBUF TFBNMFTTMZ XJUI DPEF XSJ॒FO JO UIF IPTU MBOHVBHF�
#Z DPOUSBTU
 4DIFNF CPBTUT B QPXFSGVM IZHJFOJD NBDSP TZTUFN UIBU BMMPXT FTTFOUJBMMZ BOZ MJOHVJTUJD GPSN UP CF
NPEJ੗FE BSCJUSBSJMZ�

*O UIJT QBQFS XF QSFTFOU 3१३५ॺॹ
 BO JNQMFNFOUBUJPO PG QPMJDZ�BHOPTUJD QSPHSBNNJOH JO 3BDLFU WJB NBDSPT <�

��>� 3१३५ॺॹ QSPWJEFT GBDJMJUJFT GPS DSFBUJOH QPMJDJFT BOE GBDFUJOH TFDVSF EBUB XJUI UIPTF QPMJDJFT� 3१३५ॺॹ BMTP
SFXSJUFT TFWFSBM DPSF GPSNT JO 3BDLFU UP XPSL XJUI GBDFUFE WBMVFT 	PVS JNQMFNFOUBUJPO JT EFUBJMFE JO 4FDUJPO �
�
'PS FYBNQMF
 GVODUJPO BQQMJDBUJPO NVTU CF USFBUFE TQFDJBMMZ UP XPSL XJUI GBDFUFE WBMVFT� 8F IBWF VTFE 3१३५ॺॹ
UP JNQMFNFOU B TNBMM TFSWFS�CBTFE CPBSE�HBNF 	EFUBJMFE JO 4FDUJPOT � BOE �
� 3FMFWBOU SFMBUFE XPSL JT QSFTFOUFE
JO TFDUJPO �� 8F TFF 3१३५ॺॹ BT B QSPNJTJOH QSPUPUZQF GPS QPMJDZ�BHOPTUJD QSPHSBNNJOH JO 3BDLFU
 BOE DPODMVEF
XJUI EJTDVTTJPO PG GVUVSF EJSFDUJPOT JO 4FDUJPO ��

� 07&37*&8 0' '"$&5&% &9&$65*0/
5P JOUSPEVDF GBDFUFE FYFDVUJPO NPSF DPODSFUFMZ
 XF QSFTFOU PVS JNQMFNFOUBUJPO PG #B॒MFTIJQ
 B TNBMM HVFTTJOH
HBNF
 JO 3१३५ॺॹ 	UIJT TFDUJPO QSFTFOUT B EJTUJMMFE WFSTJPO PG PVS DBTF TUVEZ JO 4FDUJPO �
� *O UIJT HBNF FBDI QMBZFS
IBT B QSJWBUF CPBSE PG DPPSEJOBUFT
 BU XIJDI UIFZ QMBDF ۠TIJQT �ۡ य़F QMBZFST IJEF UIFJS CPBSET GSPN FBDI PUIFS BT
QMBZ QSPHSFTTFT JO SPVOET� &BDI UVSO B QMBZFS HVFTTFT UIF QPTJUJPO PG B TIJQ PO UIF PUIFS QMBZFS۝T CPBSE� *G UIF
HVFTT JT TVDDFTTGVM UIF UJMF JT SFNPWFE GSPN UIF CPBSE BOE B IJU JT EFDMBSFE QVCMJDMZ� 1MBZ FOET PODF POF QMBZFS۝T
CPBSE IBT OP SFNBJOJOH UJMFT
 BU XIJDI QPJOU UIBU QMBZFS MPTFT�

8F JNQMFNFOU HBNF CPBSET BT MJTUT PG DPOT DFMMT SFQSFTFOUJOH UIF (x ,y) DPPSEJOBUFT PG TIJQT� #PBSE DSFBUJPO
TJNQMZ SFUVSOT BO FNQUZ MJTU
 BOE BEEJOH B QJFDF JT EPOF WJB cons�

� (define (makeboard) '())
� (define (add-piece board x y) (cons (cons x y) board))

/FYU XF EF੗OF mark-hit
 XIJDI UBLFT B QMBZFS۝T CPBSE BOE SFNPWFT B QJFDF JG UIF HVFTTFE DPPSEJOBUF JT QSFTFOU�
8F SFUVSO B QBJS PG UIF VQEBUFE CPBSE BOE B CPPMFBO JOEJDBUJOH XIFUIFS UIF HVFTT XBT B IJU�

� (define (mark-hit board x y)
� (if (null? board)
� (cons board #f)
� (let* ([fst (car board)]
� [rst (cdr board)])
� (if (and (= (car fst) x)
� (= (cdr fst) y))
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�� (cons rst #t)
�� (let ([ rst+b (mark-hit rst x y)])
�� (cons (cons fst
�� (car rst+b))
�� (cdr rst+b)))))))

"MUIPVHI mark-hit XJMM PQFSBUF PO TFOTJUJWF EBUB 	UIF HBNF CPBSET

 JU JT XSJ॒FO XJUIPVU BOZ TQFDJBM NBDIJO�
FSZ UP NBJOUBJO UIF TFDSFDZ PG board� 'PS FYBNQMF
 OPUIJOH JO mark-hit QSFWFOUT #PC GSPN VTJOH mark-hit PO
"MJDF۝T CPBSE
 CVU GBDFUFE FYFDVUJPO XPVME FOTVSF UIBU JG #PC USJFE UP EP UIJT
 IF XPVME BMXBZT TFF UIF SFTVMU #f�
1SPUFDUJOH EBUB X�S�U� QPMJDJFT JT JOTUFBE IBOEMFE BVUPNBUJDBMMZ BOE JNQMJDJUMZ CZ B SVOUJNF NPOJUPS� 8IFO "MJDF
BOE #PC XBOU UP QMBZ B HBNF
 UIFZ CPUI DSFBUF B MBCFM UP QSPUFDU UIFJS EBUB� " MBCFM JT VOJRVF JE NBQQFE UP B
QPMJDZ QSFEJDBUF UIBU UBLFT B LFZ 	F�H�
 UIF DVSSFOU VTFS۝T OBNF
 BOE SFUVSOT USVF PS GBMTF UP JOEJDBUF QFSNJTTJPO
GPS UIF MBCFM� "MJDF۝T MBCFM JT VTFE UP BOOPUBUF UIF EBUB TIF XBOUT UP CF LFQU TFDSFU� 4VQQPTJOH "MJDF DIPPTFT UP
CF QMBZFS �
 TIF NBZ VTF UIF GPMMPXJOH MBCFM�

�� (define alice-label (let-label l (λ (x) (= 1 x))) l)

य़JT DPEF JMMVTUSBUFT MBCFM DSFBUJPO
 QPMJDZ QSFEJDBUFT
 BOE UIF ੗STU�DMBTT OBUVSF PG MBCFMT� य़F QPMJDZ QSFEJDBUF
(λ (x) (= 1 x)) HSBOUT QFSNJTTJPO UP QMBZFS � POMZ BOE JT BTTPDJBUFE XJUI UIF EZOBNJDBMMZ HFOFSBUFE MBCFM M
	SFUVSOFE BOE CPVOE UP alice-label
� #PC XPVME VTF B TJNJMBS QPMJDZ 	CVU GPS QMBZFS 2 JOTUFBE PG 1
� "U SVOUJNF

UIF let-label GPSN DSFBUFT B MBCFM ℓA BOE CJOET JU UP B DMPTVSF GPS JUT QPMJDZ QSFEJDBUF�8IFO"MJDF XBOUT UP QSPUFDU
B WBMVF
 TIF DSFBUFT B GBDFU BOOPUBUFE XJUI IFS MBCFM BOE UXP CSBODIFT� य़F QPTJUJWF 	MFॏ
 CSBODI SFQSFTFOUT UIF
WBMVF BT JU TIPVME BQQFBS UP IFS
 BOE UIF OFHBUJWF 	SJHIU
 UP FWFSZPOF FMTF�

�� (define alice-board
�� (facet alice-label (add-pieces (makeboard) x1 y1 ...) (⋆)))

*O UIF BCPWF FYBNQMF
 ⋆ 	MB[Z GBJMVSF
 JT VTFE JO UIF OFHBUJWF CSBODI UP FOTVSF FYFDVUJPO XJMM GBJM JG #PC USJFT
UP PCTFSWF "MJDF۝T TFDSFU HBNFCPBSE� 5P PCTFSWF "MJDF۝T HBNFCPBSE
 #PC DBO USZ UP VTF (obs eℓ eLFZ eGBD) GPSN

XIJDI UBLFT B MBCFM
 B LFZ
 BOE B GBDFUFE WBMVF� &YQMJDJU PCTFSWBUJPO QSPKFDUT B TJOHMF MBCFM eℓ JO GBDFUFE WBMVF
eGBD UP FJUIFS JUT QPTJUJWF PS OFHBUJWF GBDFU
 EFQFOEJOH PO XIFUIFS UIF QPMJDZ BTTPDJBUFE XJUI eℓ SFUVSOT USVF GPS
LFZ eLFZ� *G #PC USJFT UP PCTFSWF "MJDF۝T CPBSE
 UIF QPMJDZ QSFEJDBUF XJMM SFUVSO GBMTF 	GSPN (= 1 2)
 BOE "MJDF۝T
OFHBUJWF GBDFU ⋆XJMM SFTVMU�

*O PUIFS BQQMJDBUJPOT
 "MJDF NBZ DIPPTF B TFOTJCMF EFGBVMU WBMVF UP SFWFBM UP PUIFSTۘTIF NBZ FWFO XBOU UP
DSFBUF B OFTUFE GBDFU� 'PS FYBNQMF
 B TPDJBM�OFUXPSLJOH BQQMJDBUJPO NBZ VTF B OFTUFE GBDFU DPOTJTUJOH PG UXP
MBCFMT GPS ℓ'SJFOET BOE ℓ'BNJMZ� " VTFS DBO UIFO QSFTFOU UISFF WJFXT PG IFS TPDJBM�NFEJB QSP੗MF� p1 UP IFS GBNJMZ

DPOUBJOJOH IFS QIPOF OVNCFS BOE PUIFS DPOUBDU JOGPSNBUJPO
 p2 UP IFS GSJFOET TIPXJOH IFS JOUFSFTUT
 BOE p3 UP
FWFSZPOF FMTF
 TIPXJOH POMZ IFS OBNF BOE FNBJM�

ℓ'BNJMZ

p1 ℓ'SJFOET

p2 p3

"T B HBNF PG #B॒MFTIJQ QSPHSFTTFT
 "MJDF BOE #PC NBLF HVFTTFT JO UVSO
 BOE ESJWFS DPEF DBMMT UIF GVODUJPO
mark-hit XJUI FBDI PG UIFJS SFTQFDUJWF 	GBDFUFE
 HBNF CPBSET UP SFDPSE UIF B॒BDL� )PXFWFS
 CFDBVTF "MJDF BOE
#PC۝T HBNF CPBSET BSF CPUI GBDFUFE WBMVFT
 mark-hit DBOOPU CF EJSFDUMZ BQQMJFE BT JO OPSNBM FYFDVUJPO� *OTUFBE

GBDFUFE FYFDVUJPO ۠TQMJUTۡ UIF FWBMVBUJPO PG UIF GVODUJPO BQQMJDBUJPO PWFS CPUI GBDFUT
 SVOOJOH JU ੗STU PO UIF
QPTJUJWF CSBODI
 UIFO BHBJO PO UIF OFHBUJWF CSBODI� 'JOBMMZ
 UIF SFTVMUT PG FBDI CSBODI BSF DPNCJOFE BHBJO UP
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c ∈ const ::= ′() | #t | #f | . . .
x ∈ var ::= ⟨QSPHSBN WBSJBCMFT⟩
e ∈ exp ::= c | x

| (λ (x) e) | (e e)
| (box e) | (unbox e) | (set! e e)
| (let-label x e e)
| (facet e e e)
| (obs e e e)

'JH� �� 4ZOUBY PG λ'&�

QSPEVDF B OFX GBDFUFE WBMVF� य़JT BMMPXT '& UP BWPJE OFFEJOH UP SFBTPO BCPVU MBCFMT BOE QPMJDJFT VOUJM BO FYQMJDJU
PCTFSWBUJPO QPJOU XIFSF B QPMJDZ JT DIFDLFE BOE B GBDFUFE WBMVF JT QSPKFDUFE UP POF PG JUT GBDFUT�

#FDBVTF UIF BQQMJFE GVODUJPO DBO CF TUBUFGVM
 GBDFUFE FYFDVUJPO BMTP NBJOUBJOT UIF DVSSFOU QSJWJMFHF MFWFM JO B
QSPHSBN DPVOUFS 	1$
� य़F QSPHSBN DPVOUFS JT B QSPQFSUZ PG UIF DVSSFOU FWBMVBUJPO DPOUFYU BOE JT VTFE UP CVJME
GBDFUT XIFO XSJUFT BSF NBEF UP UIF TUPSF JO B QSJWJMFHFE DPOUFYU� 'PS FYBNQMF
 JG B TUBUFGVM GVODUJPO ۠TQMJUTۡ XIFO
BQQMJFE PO CPUI UIF QPTJUJWF BOE OFHBUJWF GBDFUT PG B WBMVF GBDFUFE CZ B MBCFM ℓ
 BOE PO UIF QPTJUJWF CSBODI UIF
GVODUJPO VTFT set! UP NVUBUF B WBSJBCMF x GSPN 2 UP 3
 '& TFNBOUJDT XJMM TFU x UP ⟨ ℓ ? 3 ⋄ 2 ⟩ TP UIBU UIF WBMVF
3 DBOOPU CF MFBLFE GSPN UIF TFDVSF DPOUFYU 	TQFDVMBUJWF FYFDVUJPO VOEFS UIF +ℓ GBDFU
� य़JT JT CFDBVTF
 GPS UIF
EVSBUJPO PG UIF BQQ ۠TQMJU 
ۡ UIF FWBMVBUJPO DPOUFYU SFDPSET UIBU BMM WBMVFT BSF JNQMJDJUMZ HVBSEFE CZ +ℓ BOE UIFO
−ℓ
 SFTQFDUJWFMZ� *G UIF TFNBOUJDT GPS set! EPFT OPU NBLF UIJT GBDFUJOH FYQMJDJU
 B TFOTJUJWF WBMVF DBO MFBL GSPN
POF 1$ UP BOPUIFS� 8F FYQBOE VQPO UIFTF TVCUMFUJFT JO 4FDUJPO �
 XIFSF XF QSFTFOU B DPNQMFUF TFNBOUJDT GPS
GBDFUFE FYFDVUJPO�

"ॏFS NBLJOH WBSJPVT NPWFT
 XF FWFOUVBMMZ XBOU UP SFWFBM UIF HBNF CPBSET
 QVMMJOH UIF QPTJUJWF WJFX PVU PG
alice-board UP EJTQMBZ "MJDF۝T CPBSE� 5P EP UIJT
 XF NVTU PCTFSWF UIF GBDFU XJUI BO obs GPSN� #FDBVTF "MJDF۝T
CPBSE JT GBDFUFE XJUI alice-label
 XF TQFDJGZ UIBU XF XBOU UP PCTFSWF alice-label BOE QBTT JO BO BSHVNFOU UP
UIBU MBCFM TIPXJOH UIBU "MJDF JT JOEFFE UIF QFSTPO PCTFSWJOH UIF GBDFU�

�� (obs alice-label 1 alice-board) ; Returns Alice 's board

� " '03."- 4&."/5*$4 '03 '"$&5&% &9&$65*0/
8F OPX QSFTFOU B TFNBOUJDT GPS B DPSF MBOHVBHF 	λ'&
 XIJDI JODMVEFT GBDFUT� 0VS QSFTFOUBUJPO MBSHFMZ NJSSPST
UIBU PG "VTUJO FU BM� <�>� य़F TZOUBY PG PVS MBOHVBHFۘSFNJOJTDFOU PG 4DIFNFۘJT TIPXO JO 'JHVSF �� λ'& FYUFOET
UIF MBNCEB DBMDVMVT XJUI SFGFSFODFT 	XIJDI IBWF JOUFSBDUJPOT XJUI GBDFUT JO B TVCUMF XBZ
 BOE UISFF GPSNT VOJRVF
UP GBDFUFE FYFDVUJPO� GBDFU DPOTUSVDUJPO
 MBCFM DSFBUJPO
 BOE GBDFU PCTFSWBUJPO�

0VS TFNBOUJDT JT TIPXO JO 'JHVSF � <��>� "T λ'& JT BO FYUFOTJPO PG UIF MBNCEB DBMDVMVT XJUI SFGFSFODFT
 XF
QSFTFOU UIF QBSUT VOJRVF UP GBDFUFE FYFDVUJPO JO SFE
 XIJMF LFFQJOH UIF MBNCEB DBMDVMVT XJUI SFGFSFODFT JO CMVF�
#BTF WBMVFT JO PVS TFNBOUJDT JODMVEF BEESFTTFT 	VTFE GPS CPYFT

 DPOTUBOUT
 BOE DMPTVSFT� 8F BMTP JODMVEF B LJOE
PG MB[Z GBJMVSF 	⋆

 XIJDI JT OFDFTTBSZ GPS EF੗OJOH TUPSF VQEBUF XJUIJO B QSPUFDUFE DPOUFYU�

7BMVFT JO PVS TFNBOUJDT BSF FJUIFS 	VOGBDFUFE
 CBTF WBMVFT PS GBDFUT DPNQPTFE PG B MBCFM BOE UXP CSBODIFT�
'BDFUT DBO OFTU
 BMMPXJOH USFFT PG GBDFUFE WBMVFT� 8F VTF UIF UFSN CSBODIFT UP SFGFS UP QPTJUJWF PS OFHBUFE MBCFMT�
$PMMFDUJPOT PG CSBODIFT EF੗OF UIF QSPHSBN DPVOUFS pc 
 XIJDI USBDLT UIF TFU PG CSBODIFT JO UIF DVSSFOU DPOUFYU�
'PS FYBNQMF
 UP BQQMZ B GBDFUFE GVODUJPO UP B WBMVF 	BT JO UIF BQQMJDBUJPO PG ⟨ ℓ ? λx . 0 ⋄ λx . 1 ⟩

 UIF TFNBOUJDT
੗STU BQQMJFT λx . 0 XIJMF FYUFOEJOH pc XJUI +ℓ
 UIFO BQQMJFT UIF OFHBUJWF CSBODI FYUFOEJOH pc XJUI −ℓ�
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ℓ ∈ MBCFM = . . .
α ∈ BEES = . . .
bv ∈ CBTF�WBM ::= c | α | ⟨λx . e, ρ⟩ | ⋆
v ∈ GBDFUFE�WBM ::= bv | ⟨α ?v ⋄ v ⟩

b ∈ CSBODI ::= +ℓ | −ℓ
pc ∈ 1$ = {S ∈ ℘(CSBODI) | ∀ℓ.{+ℓ,−ℓ} ! S }
ρ ∈ FOW = WBS⇀ v
σ ∈ TUPSF = BEES⇀ v

	&YQSFTTJPO &WBMVBUJPO
 e, ρ,σ ⇓Epc σ ,v

$ॵॴॹॺ

c, ρ,σ ⇓Epc σ , c
7१ॸ

x , ρ,σ ⇓Epc σ , ρ(x)
-१ॳ२४१

λx . e, ρ,σ ⇓Epc σ , ⟨λx . e, ρ⟩

"ॶॶॲॿ
e1, ρ,σ ⇓Epc σ ′,v1 e2, ρ,σ

′ ⇓Epc σ ′′,v2

(v1 v2), ρ,σ
′′ ⇓Apc σ ′′′,v ′

(e1 e2), ρ,σ ⇓Epc σ ′′′,v ′

#ॵॾ
e, ρ,σ ⇓Epc σ ′,v α ! dom(σ ′)
σ ′′ = σ ′[α )→ ⟨⟨pc ?v ⋄ ⋆ ⟩⟩]

(box e), ρ,σ ⇓Epc σ ′′,α

6ॴ२ॵॾ
e, ρ,σ ⇓Epc σ ′,v

v ′ = SFBE(σ ′,v,pc)

(unbox e), ρ,σ ⇓Epc σ ′,v ′

4५ॺ
e1, ρ,σ ⇓Epc σ ′,v1 e2, ρ,σ

′ ⇓Epc σ ′′,v2

σ ′′′ = XSJUF(σ ′′,v1,pc,v2)

(set! e1 e2), ρ,σ ⇓Epc σ ′′′,v2

	'BDFU $SFBUJPO

'१३ং$ॸ५१ॺ५ং4ॶॲ९ॺ

e1, ρ,σ ⇓Epc σ ′, ℓ {+ℓ,−ℓ} ∩ pc = ∅
e2, ρ,σ

′ ⇓Epc∪{+l } σ
′′,v1 e3, ρ,σ

′′ ⇓Epc∪{−l } σ ′′′,v2

v = ⟨⟨pc ∪ {+ℓ} ?v1 ⋄ v2 ⟩⟩
(fac e1 e2 e3), ρ,σ ⇓Epc σ ′′′,v

'१३ং$ॸ५१ॺ५ং1ॵॹ
e1, ρ,σ ⇓Epc σ ′, ℓ

+ℓ ∈ pc
e2, ρ,σ

′ ⇓Epc σ ′′,v
(fac e1 e2 e3), ρ,σ ⇓Epc σ ′′,v

'१३ং$ॸ५१ॺ५ং/५७
e1, ρ,σ ⇓Epc σ ′, ℓ
−ℓ ∈ pc

e3, ρ,σ
′ ⇓Epc σ ′′,v

(fac e1 e2 e3), ρ,σ ⇓Epc σ ′′,v
	-BCFM $SFBUJPO � 0CTFSWBUJPO


-५ॺং-१२५ॲ
e1, ρ,σ ⇓Epc σ ′, ⟨λx . e, ρ ′⟩

α ! dom(σ ′) σ ′′ = σ ′[α )→ ⟨λx . e, ρ ′⟩]
e2, ρ[x )→ α ],σ ′′ ⇓Epc σ ′′′,v

(let-label x e1 e2), ρ,σ ⇓Epc σ ′′′,v

0२ॹ
e1, ρ,σ ⇓Epc σ ′, ℓ e2, ρ,σ

′ ⇓Epc σ ′′,v
⟨(λx . e), ρ ′⟩ = σ ′′(ℓ)

e, ρ ′[x )→ v],σ ′′ ⇓Epc σ ′′′,v±
e3, ρ,σ

′′′ ⇓Epc σ ′′′′,v ′
v ′′ = PCT(ℓ,v ′,v±)

(obs e1 e2 e3), ρ,σ ⇓Epc σ ′′′′,v ′′

	1PTTJCMZ�'BDFUFE "QQMJDBUJPO
 (v1 v2), ρ,σ ⇓Apc σ ,v

"ॶॶং⋆

(⋆v), ρ,σ ⇓Apc σ ,⋆

"ॶॶং#१ॹ५
e, ρ ′[x )→ v],σ ⇓Epc σ ′,v ′

(⟨λx . e, ρ ′⟩ v), ρ,σ ⇓Apc σ ′,v ′

"ॶॶং4ॶॲ९ॺ
(v+ v), ρ,σ ⇓Apc∪{+ℓ } σ

′,v+ ′ {+ℓ,−ℓ} ∩ pc = ∅
(v− v), ρ,σ ′ ⇓Apc∪{−ℓ } σ ′′,v−

′ v ′ = ⟨⟨ {+ℓ} ?v+ ′ ⋄ v−′ ⟩⟩
(⟨ ℓ ?v+ ⋄ v− ⟩ v), ρ,σ ⇓Apc σ ′′,v ′

"ॶॶং'१३५ॺং1ॵॹ
+ℓ ∈ pc

(v+ v), ρ,σ ⇓Apc σ ′,v ′

(⟨ ℓ ?v+ ⋄ v− ⟩ v), ρ,σ ⇓Apc σ ′,v ′

"ॶॶং'१३५ॺং/५७
−ℓ ∈ pc

(v− v), ρ,σ ⇓Apc σ ′,v ′

(⟨ ℓ ?v+ ⋄ v− ⟩ v), ρ,σ ⇓Apc σ ′,v ′

'JH� �� 4FNBOUJDT PG 'BDFUFE &YFDVUJPO
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⟨⟨∅ ?v+ ⋄ vd ⟩⟩ = v+

⟨⟨ {+ℓ} ∪ rest ?v+ ⋄ vd ⟩⟩ = ⟨ ℓ ? ⟨⟨ rest ?v+ ⋄ vd ⟩⟩ ⋄ vd ⟩
⟨⟨ {−ℓ} ∪ rest ?v+ ⋄ vd ⟩⟩ = ⟨ ℓ ?vd ⋄ ⟨⟨ rest ?v+ ⋄ vd ⟩⟩ ⟩

XSJUF(σ ,α ,pc,v) = σ [α := ⟨⟨pc ?v ⋄ σ(α) ⟩⟩]
XSJUF(σ , ⟨ ℓ ?v1 ⋄ v2 ⟩),pc,v = σ ′′ XIFSF σ ′ = XSJUF(σ ,v1,pc ∪ {+ℓ},v)

BOE σ ′′ = XSJUF(σ ′,v2,pc ∪ {−ℓ},v)

'JH� �� .FUB�GVODUJPOT VTFE JO PVS TFNBOUJDT

य़F SFEVDUJPO SFMBUJPO e, ρ,σ ⇓Epc σ ,v SFEVDFT BO FYQSFTTJPO
 FOWJSPONFOU
 BOE TUPSF UP B SFTVMUJOH TUPSF BOE
WBMVF� य़F ੗STU UISFF SVMFT 	BMM JO CMVF
 BSF VODIBOHFE GSPN UIF TUBOEBSE JOUFSQSFUBUJPO JO UIF MBNCEB DBMDVMVT�
य़F "ॶॶॲॿ SVMF DBMMT PVU UP UIF IFMQFS SFMBUJPO (v v), ρ,σ ⇓Apc σ ,v 
 XIJDI BQQMJFT B QPTTJCMZ�GBDFUFE WBMVF UP BO
BSHVNFOU� JG UIF WBMVF CFJOH BQQMJFE JT B QMBJO 	VOGBDFUFE
 DMPTVSF
 UIF "ॶॶং#१ॹ५ SVMF 	JO CMVF
 BT JU JT VODIBOHFE
GSPN UIF MBNCEB DBMDVMVT
 BQQMJFT JU BOE SFUVSOT JNNFEJBUFMZ UP UIF ⇓Epc SFMBUJPO�

*O UIF DBTF UIBU B GBDFUFE WBMVF JT BQQMJFE
 ⇓Apc QFSGPSNT POF PG UISFF GVODUJPOT
 CBTFE PO UIF SFMBUJPO PG ℓ UP pc �
*G UIFSF JT OP PDDVSSFODF PG FJUIFS +ℓ PS −ℓ JO pc 
 UIFO UIF TFNBOUJDT IBT OPU ZFU CSBODIFE PO ℓ
 BOE UIFSFGPSF
NVTU TQMJU UIF BQQMJDBUJPO� 5P EP UIJT
 JU BQQMJFT CPUI UIF QPTJUJWF BOE OFHBUJWF CSBODIFT BॏFS FYUFOEJOH pc � "ॏFS
SFEVDJOH CPUI CSBODIFT UP WBMVFT
 UIF SFTVMUT BSF GPSNFE JOUP B GBDFU� *G +ℓ ∈ pc 
 UIFO UIF TFNBOUJDT IBT BMSFBEZ
CSBODIFE PO UIF MBCFM ℓ
 TP TQMJ॒JOH XPVME CF SFEVOEBOU� *O UIJT DBTF
 ⇓Apc TJNQMZ TFMFDUT UIF QPTJUJWF CSBODI UP
BQQMZ BOE DPOUJOVFT XJUIPVU TQMJ॒JOH� य़F TZNNFUSJD DBTF PDDVST JO "ॶॶং'१३५ॺং/५७� 'BDFU GPSNBUJPO GPMMPXT
UIJT QB॒FSO
 BDDPVOUJOH GPS UIF SFMBUJPO PG ℓ UP pc �

य़F SVMFT #ॵॾ
 6ॴ२ॵॾ
 BOE 4५ॺ BQQFBS TJNJMBS UP UIF TUBOEBSE JNQMFNFOUBUJPO PG CPYFT
 CVU FNQMPZ TFWFSBM
NFUB�GVODUJPOT UP EP UIFJS XPSL 	"T UIFZ BSF MBSHFMZ TJNJMBS UP UIPTF JO <�>
 XF POMZ EFUBJM write IFSF
� य़JT JT
CFDBVTF CPY DSFBUJPO
 SFBET
 BOE XSJUFT NBZ PDDVS XJUIJO B QSJWJMFHFE DPOUFYU
 BOE DBSF NVTU CF UBLFO UP GPSN
GBDFUT XIFO pc JT OPOFNQUZ� 5P VOEFSTUBOE XIZ
 DPOTJEFS UIF GPMMPXJOH FYBNQMF��

� (define x (box 0))
� (if (= (facet alice 0 1) 0)
� (set! x 0)
� (set! x 1))
� (unbox x)

*G XF EP OPUIJOH TQFDJBM UP BDDPVOU GPS UIF GBDU UIBU UIF QSPHSBN CSBODIFT PO UIF GBDFU
 DPOUSPM ੘PX JNQMJDJUMZ
MBVOEFST UIF WBMVF UISPVHI UIF CPY UP BO VOGBDFUFE WBMVF� 5P ੗Y UIJT
 XF GPSN B GBDFU CZ UBLJOH JOUP BDDPVOU
pc BOE GPSNJOH B GBDFU VTJOH UIF NFUB�GVODUJPO ⟨⟨ ℓ ?v+ ⋄ vd ⟩⟩� य़JT NFUB�GVODUJPO JT EF੗OFE JO 'JHVSF �
 BOE
UBLFT UISFF BSHVNFOUT� UIF DVSSFOU pc 
 B QPTJUJWF WJFX 	v+

 BOE B ۠EFGBVMUۡ WJFX 	vd 
� 'BDFU DPOTUSVDUJPO CVJMET B
GBDFU XJUI B TQJOF DPSSFTQPOEJOH UP BMM PG UIF MBCFMT JO pc 
 BOE JOTFSUTv+ BU UIF GPDVT DPSSFTQPOEJOH UP pc 
 QV॒JOH
UIF EFGBVMU WBMVF vd BMPOH BMM PUIFS CSBODIFT� *O UIF box GPSN
 UIF GBDFU VTFT B EFGBVMU WBMVF PG⋆� *O UFSNT PG PVS
BCPWF FYBNQMF
 UIJT NFBOT UIBU BMPOH UIF QPTJUJWF CSBODI x XPVME CF TFU UP ⟨ alice ? 1 ⋄ ⋆ ⟩ 	BT UIF GBMTF CSBODI
PG UIF if JT UBLFO

 BOE BMPOH UIF TVCTFRVFOU OFHBUJWF CSBODI x JT FYUFOEFE UP ⟨ alice ? 1 ⋄ 0 ⟩�

-BCFM DSFBUJPO BMMPDBUFT B MBCFM BT B GSFTI BEESFTT JO UIF TUPSF
 CJOEJOH UIF TQFDJ੗FE MBCFM QSFEJDBUF BOE BEEJOH
JU UP UIF FOWJSPONFOU� -BCFMT NVTU CF TUPSF�BMMPDBUFE SBUIFS UIBO CPVOE JO UIF MFYJDBM FOWJSPONFOU
 BT UIF MB॒FS
XPVME BMMPX UIF MBCFM UP CF SFCPVOE CZ BOZPOF VTJOH UIF GBDFU�
�0VS GPSNBM TFNBOUJDT FMJEFT if
 UIPVHI JU NBZ CF PCUBJOFE WJB B $IVSDI FODPEJOH JG EFTJSFE BT JO "VTUJO FU BM�<�>� 0VS JNQMFNFOUBUJPO
JODMVEFT if CVU OPU PUIFS DPOTUSVDUT TVDI BT cond
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� (define alice-label (let-label l (λ (x) (= x alice)) l))
� (define x (facet alice-label 1 0))
� (let ([ alice-label (let-label l (λ (x) #t) l)])
� (obs alice-label 1 x)) ; Should return ⟨ alice-label ? 1 ⋄ 0 ⟩

य़F obs GPSN JO UIF BCPWF FYBNQMF PVHIU UP SFUVSO ⟨ alice-label?1⋄ 0 ⟩� #VU JG XF QVMM MBCFMT GSPN UIF MFYJDBM
FOWJSPONFOU
 UIF CJOEJOH PO MJOF � TIBEPXT UIF QPMJDZ PSJHJOBMMZ BTTPDJBUFE XJUI UIF GBDFU�

-BTU
 PCTFSWBUJPO FWBMVBUFT UIF MBCFM FYQSFTTJPO UP BO BEESFTT BOE FYFDVUFT UIF BTTPDJBUFE QSFEJDBUF� 0ODF
UIJT JT EPOF
 0२ॹ VTFT UIF PCTNFUB�GVODUJPO UP TFMFDU UIF BQQSPQSJBUF CSBODI CBTFE PO UIF WBMVF SFUVSOFE CZ UIF
QSFEJDBUF BTTPDJBUFE XJUI UIF MBCFM� य़JT NFUB�GVODUJPO BDDPVOUT GPS UIF GBDU UIBU UIF MBCFM CFJOH PCTFSWFE NBZ
BQQFBS BSCJUSBSJMZ EFFQ JO UIF GBDFU 	PS OPU BU BMM
� "T PVS JNQMFNFOUBUJPO PG PCT JT VODIBOHFE GSPN JUT EF੗OJUJPO
JO <�>
 XF FMJEF JU IFSF�

� '"$&5&% &9&$65*0/ "4 ."$304
य़F TFNBOUJDT PG GBDFUFE FYFDVUJPO JT BO FYUFOTJPO PG UIF MBNCEB DBMDVMVT
 MFBEJOH UP B OBUVSBM RVFTUJPO� DBO XF
VTF 3BDLFU۝T NBDSPT <�
 ��> UP FYUFOE 3BDLFU UP GBDFUFE FYFDVUJPO 8F XJMM TFF UIBU UIF BOTXFS JT ZFT
 BOE UIF
USBOTMBUJPO GSPN UIF CJH�TUFQ SVMFT JT TVSQSJTJOHMZ TUSBJHIUGPSXBSE�य़JT TFDUJPO PG PVS QBQFS EFTDSJCFT UIF EFTJHO
PG 3१३५ॺॹ
 B QSPUPUZQF JNQMFNFOUBUJPO PG GBDFUFE FYFDVUJPO VTJOH 3BDLFU NBDSPT� *O 4FDUJPO � XF SFNBSL VQPO
DVSSFOU EJSFDUJPOT TDBMJOH 3१३५ॺॹ UP UIF XIPMF PG 3BDLFU�

$IPPTJOH B 3FQSFTFOUBUJPO GPS 'BDFUT
 -BCFMT
 BOE 1SPHSBN $PVOUFST� *O TF॒JOH PVU UP JNQMFNFOU GBDFUT
 XFNVTU
੗STU DIPPTF IPX XF XJMM SFQSFTFOU GBDFUT
 MBCFMT
 BOE QSPHSBN DPVOUFST� 8F IBWF DIPTFO UP JNQMFNFOU GBDFUT
TJNQMZ BT 3BDLFU structT
 DPOUBJOJOH B MBCFM BMPOH XJUI QPTJUJWF BOE OFHBUJWF CSBODIFT�

� (struct facet (labelname left right))

/FYU
 XF NVTU DIPPTF B SFQSFTFOUBUJPO PG MBCFMT� "U ੗STU DPOTJEFSBUJPO
 JU BQQFBST TFOTJCMF UP SFQSFTFOU MBCFMT
TJNQMZ BT DMPTVSFT� "ॏFS BMM
 MBCFMT BSF TJNQMZ VTFE BT QSFEJDBUFT UFTUJOH XIFUIFS PS OPU UP SFWFBM B GBDFU۝T QPTJUJWF
PS OFHBUJWF CSBODI� य़FSFGPSF
 XF SFQSFTFOU MBCFMT BT B QBJS PG B OBNF BOE B QPMJDZ�

� (struct labelpair (name pol))

/PX UIBU XF IBWF EF੗OFE MBCFMT
 XF DBO EF੗OF CSBODIFT
 XIJDI BSF QPTJUJWF PS OFHBUJWF MBCFMT�
� (struct pos (lab))
� (struct neg (lab))

4JNJMBSMZ
 QSPHSBN DPVOUFST BSF TFUT PG CSBODIFT� )PXFWFS
 XF NVTU TUJMM BTL IPX XF XJMM LFFQ USBDL PG UIF
۠DVSSFOUۡ QSPHSBN DPVOUFS� 0VS JNQMFNFOUBUJPO VTFT 3BDLFU۝T QBSBNFUFST
 UIPVHI PUIFS NFDIBOJTNT 	TVDI BT
DPOUJOVBUJPO NBSLT <�>
 UP XIJDI QBSBNFUFST NBDSP�FYQBOE
 DBO BMTP CF VTFE� 3१३५ॺॹ EF੗OFT UIF QBSBNFUFS
current-pc
 BOE VQEBUFT JU BT DPNQVUBUJPO QSPHSFTTFT�

� (define current-pc (make-parameter (set)))

'BDFU $SFBUJPO� 'BDFU DSFBUJPO BQQFBST BT UISFF TFQBSBUF SVMFT JO 'JHVSF �
 XIJDI XF SFDBQJUVMBUF IFSF JO UISFF
EJTUJODU DPMPST GPS FBDI DBTF�

'१३ং$ॸ५१ॺ५ং1ॵॹ
e1, ρ,σ ⇓Epc σ ′, ℓ +ℓ ∈ pc

e2, ρ,σ ⇓Epc σ ′′,v

(fac e1 e2 e3), ρ,σ ⇓Epc σ ′′,v

'१३ং$ॸ५१ॺ५ং/५७
e1, ρ,σ ⇓Epc σ ′, ℓ −ℓ ∈ pc

e3, ρ,σ ⇓Epc σ ′′,v

(fac e1 e2 e3), ρ,σ ⇓Epc σ ′′,v

'१३ং$ॸ५१ॺ५ং4ॶॲ९ॺ
e1, ρ,σ ⇓Epc σ ′, ℓ {+ℓ,−ℓ} ∩ pc = ∅

e2, ρ,σ
′ ⇓Epc∪{+ℓ } σ

′′,v1
e3, ρ,σ

′′ ⇓Epc∪{−ℓ } σ
′′′,v2 v = ⟨⟨pc ?v1 ⋄ v2 ⟩⟩

(fac e1 e2 e3), ρ,σ ⇓Epc σ ′′′,v
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� (define-syntax-rule (facet l e1 e2)
� (cond
� [( set-member? (current-pc) (pos (facet-labelname l))) e1]
� [( set-member? (current-pc) (neg (facet-labelname l))) e2]

�� [else
�� (let ([left (parameterize
�� ([ current-pc (set-add (current-pc)
�� (pos (facet-labelname l)))]))]
�� [right (parameterize
�� ([ current-pc (set-add (current-pc)
�� (neg (facet-labelname l)))]))])
�� (mkfacet (set-union (set (pos (labelpair-name l)))
�� (current-pc))
�� v1 v2))]))

'JH� �� 'BDFU DSFBUJPO BT B NBDSP

5SBOTMBUJOH UIFTF SVMFT UP 3BDLFU JOWPMWFT PCTFSWJOH UIBU FBDI POF XJMM BQQMZ VOEFS POF PG UISFF EJTKPJOU
DJSDVNTUBODFT 	FBDI PG UIFN CPYFE JO UIF BCPWF SVMFT
� +ℓ ∈ pc 
 −ℓ ∈ pc 
 PS FMTF {+ℓ,−ℓ} ∩ pc = ∅� य़JT JT B
DPNNPO JEJPN JO PVS GBDFUFE TFNBOUJDT
 BT XF PॏFO XBOU UP TFMFDU UIF BQQSPQSJBUF CSBODI PG B GBDFU JG JUT MBCFM
BMSFBEZ FYJTUT JO pc �

"U ੗STU HMBODF
 JU NBZ OPU CF PCWJPVT UIBU XF FWFO OFFE B NBDSP GPS GBDFU DSFBUJPO� #VU BDDPSEJOH UP PVS
TFNBOUJDT
 UIF GPMMPXJOH TOJQQFU TIPVME QSPEVDF #t JG +ℓ ∈ pc�

(facet l #t (error "thisŔshouldn 'tŔgetŔevaluatedŔifŔ+ℓ ∈ pc"))
*G XF XFSF UP JNQMFNFOU fac BT B GVODUJPO
 JU XPVME GPSDF FWBMVBUJPO PG UIF OFHBUJWF CSBODI
 JODPOTJTUFOU XJUI

UIF TFNBOUJDT PG '१३ং$ॸ५१ॺ५ং1ॵॹ� 8F DBO JNQMFNFOU FBDI PG UIFTF DPOEJUJPOT BT B 3BDLFU NBDSP CZ DPOTJEFSJOH
XIFUIFS ℓ ∈ pc 
 BT TIPXO JO 'JHVSF �� &BDI DPMPS JO UIF MJTUJOH DPSSFTQPOET UP UIF BOBMPHPVT TFNBOUJD SVMF�
य़F JNQMFNFOUBUJPO PG '१३ং$ॸ५१ॺ५ং1ॵॹ BOE '१३ং$ॸ५१ॺ५ং/५७ JT SFMBUJWFMZ TUSBJHIUGPSXBSE
 CVU '१३ং$ॸ५१ॺ५ং
4ॶॲ९ॺ FYUFOET pc GPS FBDI CSBODI BOE TVCTFRVFOUMZ GPSNT B GBDFU� य़JT GVODUJPO JNQMFNFOUT DBOPOJDBMJ[JOH GBDFU
DPOTUSVDUJPO
 BOE 	BT UIF JNQMFNFOUBUJPO JT B USBOTMJUFSBUJPO PG UIBU JO 'JHVSF � PG "VTUJO FU BM� <�>
 XF PNJU JUT
EF੗OJUJPO IFSF�

-BCFM $SFBUJPO� "T XF DIPTF B SFQSFTFOUBUJPO PG MBCFMT BT QBJST PG TZNCPMT 	UIF MBCFM۝T OBNF
 BOE DMPTVSFT 	UIF
QSFEJDBUF DPSSFTQPOEJOH UP UIF MBCFM

 MBCFM DSFBUJPO JT SFMBUJWFMZ TUSBJHIUGPSXBSE GSPN UIF TFNBOUJDT�

�� (define-syntax-rule (let-label l (λ xs e) body)
�� (let ([l (labelpair (gensym 'lab)
�� (λ xs e))])
�� body))

'BDFUFE #PYFT
 8SJUFT
 BOE 0CTFSWBUJPOT� 0VS GBDFUFE TFNBOUJDT JODMVEFT FYQMJDJU box BOE unbox GPSNT� य़JT
EJ੖FST GSPN 3BDLFU۝T TFNBOUJDT
 XIFSF BOZ WBSJBCMF NBZ CF USFBUFE BT B CPY EVF UP BTTJHONFOU DPOWFSTJPO� 8F
IBWF UXP NBJO PQUJPOT�
• *OUSPEVDF BO FYQMJDJU unbox GPSN JO 3१३५ॺॹ
 USVTUJOH UIF QSPHSBNNFS UP FYQMJDJUMZ VTF PVS JNQMFNFOUBUJPO

PG unbox PO QPUFOUJBMMZ�GBDFUFE PCKFDUT�
• 8BML PWFS 3BDLFU DPEF 	BॏFS NBDSP�FYQBOTJPO WJB local-expand
 USBOTGPSNJOH WBSJBCMF SFGFSFODFT UP VTF

FYQMJDJU unbox GPSNT GSPN 3१३५ॺॹ�
'PS PVS QSPUPUZQF PG 3१३५ॺॹ
 XF IBWF DIPTFO UP JNQMFNFOU UIF ੗STU� य़JT MFBET UP B SFMBUJWFMZ TJNQMF JNQMF�

NFOUBUJPO
 CVU FTTFOUJBMMZ USVTUT UIF QSPHSBNNFS UP VTF 3१३५ॺॹ۝ unbox GPSNT XIFO OFDFTTBSZ�
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�� (define-syntax (ref-set! stx)
�� (syntax-case stx ()
�� [(_ var e)
�� #`(let ([v e])
�� (let write ([var var]
�� [pc (current-pc)])
�� (if (box? var)
�� ; XSJUF(σ ,α ,pc,v)
�� (set-box! var (construct-facet (current-pc) v (unbox var)))
�� ; Else split
�� (mkfacet
�� (facet-labelname (unbox var))
�� ; XSJUF(σ ,α ,pc ∪ {+l },v)
�� (write
�� (facet-left (unbox var))
�� (set-add pc (pos (facet-labelname var))))
�� ; XSJUF(σ ,α ,pc ∪ {−l },v)
�� (write
�� (facet-right (unbox var))
�� (set-add pc (neg (facet-labelname var))))))))]))

'JH� �� ً࢙࢘ࢊ࢈ࢆ3 JNQMFNFOUBUJPO PG set!

3१३५ॺॹ EF੗OFT B box NBDSP
 BMPOH XJUI unbox BOE set!� 8F JODMVEF UIF EF੗OJUJPO PG set! JO 'JHVSF �
 XIJDI
JOMJOFT UIF EF੗OJUJPO PG UIF XSJUF NFUBGVODUJPO GSPN 4FDUJPO � UP DPOTJEFS UIF DBTF VOEFS XIJDI B GBDFU JT VTFE
XIFO BO BEESFTT JT FYQFDUFE� *O PVS DVSSFOU JNQMFNFOUBUJPO
 OPUIJOH QSFWFOUT QSPHSBNNFST GSPN NJTVTJOH 	PS
GPSHF॒JOH UP VTF
 PVS DVTUPN box BOE unbox GPSNT� 8F MFBWF UIJT UP GVUVSF XPSL�

'BDFU PCTFSWBUJPO JT IBOEMFE TJNJMBSMZ
 ੗STU FWBMVBUJOH UIF MBCFM UP QSPEVDF B QPMJDZ QSFEJDBUF
 GPMMPXFE CZ
FWBMVBUJOH UIF QPMJDZ۝T BSHVNFOU BOE B QPTTJCMZ�GBDFUFE WBMVF UP PCTFSWF� "ॏFS BQQMZJOH UIF QPMJDZ UP JUT BSHV�
NFOU
 XF QSPEVDF UIF WBMVF v± BOE EFTDFOE EPXO UIF GBDFU VOUJM SFBDIJOH FJUIFS B CBTF WBMVF PS ੗OEJOH UIF
TFMFDUFE MBCFM 	BU XIJDI QPJOU XF TFMFDU UIF BQQSPQSJBUF CSBODI
�

'BDFUFE 'VODUJPO "QQMJDBUJPO� #Z OPX XF DBO BOUJDJQBUF B QSFEJDUBCMF QB॒FSO GPS JNQMFNFOUJOH GBDFUFE FYFDV�
UJPO� DIFDL pc UP EFDJEF XIFUIFS UP CSBODI MFॏ
 SJHIU
 PS TQMJU� य़JT JT MBSHFMZ PVS TUSBUFHZ GPS IBOEMJOH GBDFUFE
GVODUJPO BQQMJDBUJPO
 XJUI B TNBMM UXJTU� XF OFFE UP CF BCMF UP BQQMZ GVODUJPOT GSPN PVUTJEF PG 3१३५ॺॹ� 'PS FYBN�
QMF
 JG XF XBOU UP BQQMZ CVJMUJO GVODUJPOT TVDI BT display
 XF OFFE UP CF NJOEGVM PG UIF GBDU UIBU UIFTF GVODUJPOT
DBOOPU XPSL XJUI GBDFUFE BSHVNFOUT�

5P IBOEMF UIJT
 XF JNQMFNFOU B NBDSP GPS UIF λ GPSN
 UP UBH 3१३५ॺॹ DMPTVSFT TQFDJ੗DBMMZ 	TP UIBU UIFZ BSF
EJ੖FSFOUJBUFE GSPN GVODUJPOT PVUTJEF PG UIF DVSSFOU NPEVMF
� *O UIF DBTF UIBU B GPSFJHO GVODUJPO JT BQQMJFE UP
B GBDFUFE WBMVF
 PVS JNQMFNFOUBUJPO PG GVODUJPO BQQMJDBUJPO XSBQT UIF GVODUJPO UP CF BCMF UP IBOEMF GBDFUT CZ
EJTUSJCVUJOH UIF GVODUJPO UISPVHI FBDI CSBODI PG UIF GBDFU�

*O HFOFSBM JU JT VOTBGF UP BQQMZ BO VOLOPXO GVODUJPO UP B GBDFUFE WBMVF� य़JT JT CFDBVTF UIF VOLOPXO GVODUJPO
NBZ MFBL UIF GBDFU۝T QSJWBUF JOGPSNBUJPO BT B TJEF�F੖FDU�य़FSFGPSF
 PVS DVSSFOU JNQMFNFOUBUJPO PG 3१३५ॺॹ BMMPXT
QSPHSBNNFST UP BQQMZ FYUFSOBM GVODUJPOT
 CVU EPFT OPU NBLF BOZ HVBSBOUFF PG TBGFUZ� " CF॒FS TUSBUFHZ NBZ CF
UP QFSGPSN BO obs CFGPSF FBDI DBMM UP B QPUFOUJBMMZ�VOTBGF GVODUJPO� *O HFOFSBM
 XF CFMJFWF NPEVMF JOUFSBDUJPOT
BSF B DIBMMFOHJOH QSPCMFN JO GBDFUFE FYFDVUJPO
 BOE XF MFBWF JUT TUVEZ UP GVUVSF XPSL�
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��� ٔ .JDJOTLJ
 8BOH
 BOE (JMSBZ

	B
 	C


	D
 	E


'JH� �� 4DSFFOTIPUT GSPN PVS #BࡻMFTIJQ DBTF TUVEZ�

� *.1-&.&/5"5*0/ "/% &7"-6"5*0/
8F IBWF JNQMFNFOUFE 3१३५ॺॹ BT B TFU PG 3BDLFU NBDSPT XIJDI DBO CF FNQMPZFE BT B MBOHVBHF VTJOH 3BDLFU۝T
#lang reader GBDJMJUZ� 4P GBS
 XF IBWF JODMVEFE NBDSPT GPS NBOZ PG 3BDLFU۝T DPSF GPSNT JODMVEJOH BQQMJDBUJPO

if
 λ
 BOE SFGFSFODFT� 8F MFBWF PUIFST 	JODMVEJOH DPOUJOVBUJPO NBSLT
 UP GVUVSF XPSL� "EEJUJPOBMMZ
 3१३५ॺॹ EPFT
OPU TVQQPSU ੗STU�DMBTT DPOUSPM� य़FSF IBT CFFO SFDFOU XPSL JO IBOEMJOH FYDFQUJPOT JO UIF DPOUFYU PG GBDFUFE
FYFDVUJPO <�>
 IPXFWFS SFDPODJMJOH ੗STU�DMBTT DPOUSPM JO HFOFSBM SFNBJOT 	UP PVS LOPXMFEHF
 BO PQFO QSPCMFN�

#FDBVTF PG 3BDLFU۝T ੘FYJCMF NBDSP TZTUFN
 PVS JNQMFNFOUBUJPO PG GBDFUFE FYFDVUJPO JT NVDI TNBMMFS UIBO
PUIFS TZTUFNT� PVS DPSF NBDSPT DPNQSJTF SPVHIMZ ��� TPVSDF MJOFT PG 3BDLFU
 XJUI BOPUIFS ��� MJOFT PG MJCSBSZ
DPEF UP QFSGPSN WBSJPVT GBDFU�SFMBUFE GVODUJPOT�

0VS JNQMFNFOUBUJPO JT DVSSFOUMZ BWBJMBCMF PO (JUIVC BU IUUQT���HJUIVC�DPN�GPSETFD�SBDFUT
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$BTF 4UVEZ� #BࡇMFTIJQ JO 3BDFUT� 5P HBJO QFSTQFDUJWF PO IPX 3BDFUT FOBCMFT QPMJDZ�BHOPTUJD QSPHSBNNJOH

XF TDBMFE PVS JNQMFNFOUBUJPO GSPN 4FDUJPO � UP B XFC�CBTFE HBNF PG #B॒MFTIJQ XSJ॒FO JO 3BDFUT� 0VS JN�
QMFNFOUBUJPO VTFT 3BDLFU۝T web-server GSBNFXPSL <��>
 XIJDI EF੗OFT BO "1* GPS XSJUJOH )551�CBTFE TFSWFS
BQQMJDBUJPOT�

'JHVSF � TIPXT TFWFSBM TDSFFOTIPUT PG PVS #B॒MFTIJQ BQQMJDBUJPO� य़F ੗STU TDSFFOTIPU �B TIPXT UIF CPBSE BT
WJFXFE CZ QMBZFS � 	VTJOH UIF SPVUF /player1/player1

 XIJMF UIF TFDPOE TIPXT UIF FNQUZ CPBSE PCTFSWFE
XIFO QMBZFS � B॒FNQUT UP WJFX QMBZFS �۝T CPBSE� य़F TDSFFOTIPU JO �D TIPXT UIF SFTQPOTF TFFO CZ QMBZFS � VQPO
B TVDDFTTGVM IJU� 'JOBMMZ TDSFFOTIPU �E TIPXT QMBZFS POF۝T CPBSE XJUI UIF TIJQ PO (2, 3) SFNPWFE�

8IFO SVOOJOH
 PVS HBNF TFSWFS QSPWJEFT TFWFSBM SPVUFT UIBU B VTFS DBO BDDFTT�
� (define-values (dispatch generate-url)
� (dispatch-rules
� [("player1" (string-arg)) player1board]
� [("player2" (string-arg)) player2board]
� [("player1strike" (string-arg)) p1strike]
� [("player2strike" (string-arg)) p2strike ]))

य़F SPVUF /player1/<id> 	PS /player2/<id>
 SFOEFST QMBZFS �۝T HBNF CPBSE XIFO WJFXFE BT <id>� 8F GBDFU
HBNF CPBSET XJUI QPMJDJFT UIBU SFWFBM QMBZFS �۝T CPBSE XIFO <id> JT player1
 BOE EP UIF TBNF XJUI QMBZFS ��

� (define mkpol
� (λ (player-name)
� (let-label l (λ (x) (equal? x player-name)) l)))

��
�� (define p1l (mkpol "player1"))
�� (define p1board
�� (box (facet p1l
�� (add-pieces (makeboard) '(1 2 ldots))
�� (makeboard))))

य़F CPBSE JT FYQMJDJUMZ NBEF JOUP B CPY� UIJT JT CFDBVTF UIF CPBSE۝T TUBUF XJMM DIBOHF BT QMBZFS � NBLFT
NPWFT BOE FMJNJOBUFT QJFDFT GSPN UIFJS CPBSE� य़F player1board GVODUJPO JNQMFNFOUT UIF MPHJD UP SFOEFS QMBZFS
�۝T CPBSE BT BO )5.- UBCMF� य़F BSHVNFOU viewer DPSSFTQPOET UP UIF <id> SPVUF BSHVNFOU
 BOE JT QBTTFE UP
player1board CZ UIF GSBNFXPSL� य़JT BSHVNFOU JT UIFO VTFE UP PCTFSWF UIF CPBSE HBNF

�� (define player1board
�� (ext-λ (request viewer)
�� (http-response "<h1 >PlayerŔ1'sŔGameŔBoard</h1 >"
�� (pretty-print
�� (obs p1l name (deref p1board))))))

य़F JNQMFNFOUBUJPO PG player1board VTFT B TQFDJBM GPSN ext-λ
 EJTDVTTFE BU UIF FOE PG UIJT TFDUJPO
 UP BMMPX
DPEF GSPN 3BDFUT UP CF FYFDVUFE CZ UIF GSBNFXPSL 	XIJDI JT OPU QSFQBSFE UP FYFDVUF GBDFUFE DPEF
�

य़F GVODUJPO p1strike BMMPXT QMBZFS � UP NBLF B HVFTT BT UP UIF QPTJUJPO PG TIJQT PO QMBZFS �۝T CPBSE� य़F
GVODUJPO QBSTFT UIF QPTJUJPO JOUP UXP DPPSEJOBUFT BOE UIFO DBMMT mark-hit UP QFSGPSN UIF IJU
 VQEBUJOH QMBZFS �۝T
CPBSE BOE UIFO PCTFSWJOH UIF SFTVMU UP BOTXFS 	UP QMBZFS �
 XIFUIFS UIF SFTVMU XBT B IJU PS OPU�

�� (define p1strike
�� (ext-λ
�� (request position)
�� (let* ([x (char-to-num (string-ref position 0))]
�� [y (char-to-num (string-ref position 2))]
�� [ans (mark-hit p2board x y)]
�� (set! p2board (car ans))
�� (http-response
�� (if (cdr (obs p2l "player2" ans))
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��� ٔ .JDJOTLJ
 8BOH
 BOE (JMSBZ

�� "<h1 >Congratulations!</h1 >Ŕ<h4 >YouŔhitŔplayerŔ2!</h4 >"
�� "<p>NoŔhitŔ:(</p>")))))))

/PUF UIBU XF OFFE UP VTF BO FYQMJDJU obs GPSN PO MJOF ��� य़JT JT CFDBVTFۘBT p2board JT B GBDFUۘUIF SFTVMU XJMM
BMTP CF B GBDFUFE WBMVF� 8IFO XF XBOU UP EJTQMBZ UIF PVUQVU UP QMBZFS �
 PVS DPEF OFFET UP FYQMJDJUMZ PCTFSWF UIF
BOTXFS
 BT http-response DBOOPU BDDFQU B GBDFUFE WBMVF�

.PEVMF *OUFSBDUJPOT JO �ࡤࡥࡖࡔࡒ3 य़FSF JT B XFBMUI PG FYJTUJOH 3BDLFU DPEF XF NBZ MJLF UP JODPSQPSBUF JOUP
3१३५ॺॹ QSPHSBNT� 'PS FYBNQMF
 PVS DBTF TUVEZ VTFT UIF web-server GSBNFXPSL GPS CVJMEJOH XFC BQQMJDBUJPOT�
)PXFWFS
 JO HFOFSBM
 XF CFMJFWF UIBU JOUFSBDUJOH XJUI DPEF OPU XSJ॒FO VTJOH GBDFUFE FYFDVUJPO JT B DIBMMFOHJOH
PQFO QSPCMFN
 BOE XF EP OPU LOPX PG BOZ QSJODJQMFE TPMVUJPOT JO UIF MJUFSBUVSF�

0OF JNNFEJBUF QSPCMFN JO 3१३५ॺॹ JT IPX UP QBTT GVODUJPOT GSPN 3१३५ॺॹ UP QMBJO 3BDLFU DPEF� 'PS FYBNQMF

UIF web-server GSBNFXPSL JT XSJ॒FO JO 3BDLFU
 BOE EPFT OPU LOPX IPX UP DBMM UBHHFE DMPTVSFT GSPN 3१३५ॺॹ�
"T B TUPQHBQ
 XF BEEFE BO ext-λ GPSN UP 3१३५ॺॹ� य़JT GPSN BMMPXT DSFBUJOH B 3BDLFU�TUZMF MBNCEB JO 3BDFUT UIBU
XJMM CF VTFE CZ GVODUJPOT JO PUIFS NPEVMFT
 OFDFTTBSZ GPS UIF JNQMFNFOUBUJPO PG PVS DBTF TUVEZ�

8F QMBO UP FYQMPSF JOUFSBDUJPOT XJUI VOGBDFUFE DPEFNPSF JO UIF GVUVSF
 BOE CFMJFWF JU XJMM BO FYDJUJOH EJSFDUJPO�
'PS FYBNQMF
 PODF FYFDVUJPO FTDBQFT 3१३५ॺॹ
 XF IBWF OP HVBSBOUFF UIBU UIF QSJWBDZ QPMJDZ XPO۝U CF WJPMBUFE�
0OF TPMVUJPO NBZ CF UP JNQMJDJUMZ QFSGPSN BO obs CBTFE PO UIF DVSSFOU pc BU QPJOUT XIFSF 3१३५ॺॹ JOUFSBDUT XJUI
VOGBDFUFE NPEVMFT� #VU XF EP OPU GVMMZ VOEFSTUBOE UIF SBNJ੗DBUJPOT PS FSHPOPNJDT PG UIJT DIPJDF
 BOE TVTQFDU
UIFSF NBZ CF B XJEF BSSBZ PG EFTJHO DIPJDFT UP IBOEMF UIFTF NPEVMF JOUFSBDUJPOT JODMVEJOH TFDVSJUZ UZQF TZTUFNT
BOE CMBNF 	UP USBDL XIJDI NPEVMF WJPMBUFE UIF QSJWBDZ QPMJDZ
� 8F TQFDVMBUF UIBU XF NBZ CF BCMF UP QJHHZ�CBDL
PO UPQ PG 3BDLFU۝T FYJTUJOH DPOUSBDU TZTUFN
 BOE MFBWF UIJT UP GVUVSF XPSL�

� 3&-"5&% 803,
5P UIF CFTU PG PVS LOPXMFEHF
 XF BSF UIF ੗STU BVUIPST UP QSFTFOU BO JNQMFNFOUBUJPO PG GBDFUFE FYFDVUJPO VT�
JOH IZHJFOJD NBDSPT� य़FSF BSF TFWFSBM UISFBET PG SFMBUFE XPSL JO EZOBNJD JOGPSNBUJPO ੘PX BOE QSPHSBNNJOH
QBSBEJHNT GPS JOGPSNBUJPO ੘PX�

*OGPSNBUJPO�੘PX XBT ੗STU GPSNBMJ[FE CZ %FOOJOH <�>� *O IFS TFNJOBM XPSL PO B MB॒JDF NPEFM GPS JOGPSNBUJPO
੘PX
 TIF PVUMJOFE DIBMMFOHFT BOE QPUFOUJBM TPMVUJPOT UP TUBUJD JOGPSNBUJPO�੘PX DIFDLJOH� 4VCTFRVFOUMZ
 (PHVFO
BOE .FTFHVFS <��> EF੗OFE OPOJOUFSGFSFODF
 XIJDI GPSNBMJ[FE UIF JEFB UIBU QSJWJMFHFE EBUB TIPVME OPU JO੘VFODF
QVCMJDMZ PCTFSWBCMF PVUQVUT� $MBSLTPO BOE 4DIOFJEFS <�> MBUFS SFDPHOJ[FE UIBU JOGPSNBUJPO�੘PX QSPQFSUJFT ੗U
JOUP B DMBTT PG QSPHSBN QSPQFSUJFT UIBU DPVME OPU CF DIBSBDUFSJ[FE CZ B TJOHMF USBDF PG B QSPHSBN
 CVU SBUIFS B TFU
PG USBDFT
 BOE DBMMFE UIFTF IZQFSQSPQFSUJFT�

"MPOH XJUI EF੗OJUJPOT PG JOGPSNBUJPO ੘PX
 UIFSF IBT BMTP CFFO TJHOJ੗DBOU JOUFSFTU JO NFDIBOJTNT GPS FOGPSD�
JOH JOGPSNBUJPO ੘PX� य़JT XPSL DBO CF CSPBEMZ EJWJEFE JOUP TUBUJD BOE EZOBNJD FOGPSDFNFOU NFDIBOJTNT GPS
JOGPSNBUJPO ੘PX TFDVSJUZ� 0G UIF NFDIBOJTNT GPS TUBUJD JOGPSNBUJPO ੘PX
 TFDVSJUZ UZQF TZTUFNT IBWF HBJOFE
UIF NPTU VTF� 'JSTU JOUSPEVDFE CZ 7PMQBOP BOE 4NJUI <��>
 UIFTF UZQF TZTUFNT BVHNFOU UIF CJOEJOH FOWJSPONFOU
UP USBDL UIF QSJWJMFHF PG WBSJBCMFT BOE QSFWFOU XSJUFT UP WBSJBCMFT UIBU XPVME WJPMBUF OPOJOUFSGFSFODF� .ZFST
MFWFSBHFE UIJT JEFB UP QSPEVDF +JG
 B WBSJBOU PG +BWB XJUI BO JOGPSNBUJPO�੘PX UZQF TZTUFN <��>� 4FDVSJUZ UZQF
TZTUFNT IBWF CFFO TVCTFRVFOUMZ FYUFOEFE UP BDDPNNPEBUF DPODVSSFOU QSPHSBNT <��> BOE ੘PX TFOTJUJWJUZ <��>�
'BDFUFE FYFDVUJPO EPFT OPU SFRVJSF BOOPUBUJOH UIF QSPHSBN XJUI TFDVSJUZ UZQFT
 CVU BU UIF FYQFOTF PG MPTJOH B
TUBUJD DIBSBDUFSJ[BUJPO PG UIF QSPHSBN۝T TFDVSJUZ JO JUT UZQF TZTUFN�

%FWSJFTF BOE 1JFTTFOT <�> ੗STU JOUSPEVDFE TFDVSF NVMUJ�FYFDVUJPO BT B EZOBNJD FOGPSDFNFOU UFDIOJRVF GPS
JOGPSNBUJPO ੘PX� 4FDVSF NVMUJ�FYFDVUJPO SVOT 2k DPQJFT PG B QSPHSBN JO QBSBMMFM
 XIFSF FBDI SVO SFQSFTFOUT
B TVCTFU PG ℘(1SJO)
 XIFSF 1SJO JT B TFU PG QSJODJQBMT� 'PS FYBNQMF
 JG UIF QSJODJQBMT JO UIF QSPHSBN BSF "MJDF
BOE #PC
 TFDVSF NVMUJ�FYFDVUJPO FYFDVUFT GPVS DPQJFT PG UIF QSPHSBN� POF UIBU SFQMBDFT BMM TFDSFU JOQVUT CZ
⊥
 POF UIBU SFQMBDFT #PC۝T JOQVU CZ ⊥ CVU "MJDF۝T JOQVU CZ UIF USVF JOQVU
 POF GPS #PC۝T JOQVU
 BOE POF XJUI
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BDDFTT UP BMM QSJWJMBHFE JOGPSNBUJPO� 8IFO FYUFSOBM F੖FDUT BSF NBEF 	F�H�
 XSJUJOH UP EJTD

 UIF SVOUJNF DBO TFMFDU
XIJDI WBSJBOU UP VTF CBTFE PO B QPMJDZ� 4FDVSF NVMUJ�FYFDVUJPO QSFWFOUT JOGPSNBUJPO ੘PX WJPMBUJPOT BU SVOUJNF
CZ FOTVSJOH UIBU PCTFSWBUJPOT XIJDI WJPMBUF UIF JOGPSNBUJPO�੘PX QPMJDZ SFDFJWF B WJFX PG UIF EBUB DPNQVUFE
XJUIPVU BDDFTT UP UIF TFDSFU JOQVUT� 4FDVSF NVMUJ�FYFDVUJPO IBT CFFO FYUFOEFE JO B WBSJFUZ PG XBZT
 F�H�
 TDBMJOH
UP JUT JNQMFNFOUBUJPO JO XFC CSPXTFST <�>
 BEEJOH EFDMBTTJ੗DBUJPO JO B HSBOVMBS XBZ <��>
 BOE FWFO QSFWFOUJOH
TJEF�DIBOOFM B॒BDLT <��>�

"T UIF OVNCFS PG QSJODJQBMT JODSFBTFT
 TFDVSF NVMUJ�FYFDVUJPO۝T PWFSIFBE JODSFBTFT FYQPOFOUJBMMZ
 VOOFDFT�
TBSJMZ EVQMJDBUJOH XPSL OPU JO੘VFODFE CZ TFDSFU JOQVUT� "VTUJO FU BM� JOUSPEVDFE GBDFUFE FYFDVUJPO BT BO PQUJNJ[B�
UJPO PG TFDVSF NVMUJ�FYFDVUJPO JO <�>� *OTUFBE PG USFBUJOH UIF XIPMF QSPHSBN BT B QPUFOUJBMMZ�TFDSFU DPNQVUBUJPO

GBDFUFE FYFDVUJPO SFBMJ[FT UIBU JO੘VFODF DBO CF USBDLFE BOE QSPQBHBUFE JO B HSBOVMBS XBZ VTJOH GBDFUT� /PUBCMZ

"VTUJO FU BM�۝T XPSL EPFT OPU JODMVEF ੗STU�DMBTT MBCFMT
 BT JU XBT TJNVMBUJOH TFDVSF NVMUJ�FYFDVUJPO
 XIFSF UIF
QSJODJQBMT DPVME OPU CF EZOBNJDBMMZ HFOFSBUFE�

"U UIF TBNF UJNF
 :BOH FU BM� ੗STU JNQMFNFOUFE +FFWFT
 B MBOHVBHF BMMPXJOH QPMJDZ�BHOPTUJD QSPHSBNNJOH <��>�
1PMJDZ�BHOPTUJD QSPHSBNNJOH UBLFT UIF WJFX UIBU QSPHSBNT TIPVME CF XSJ॒FO XJUIPVU SFHBSE UP B QBSUJDVMBS QSJ�
WBDZ QPMJDZ
 CFDBVTF BT UIF QPMJDZ DIBOHFT
 DPSSFDUMZ VQEBUJOH QSPHSBN MPHJD JT DVNCFSTPNF BOE FSSPS�QSPOF�
1PMJDZ�BHOPTUJD QSPHSBNNJOH XBT ੗STU JNQMFNFOUFE JO UIF EPNBJO�TQFDJ੗D MBOHVBHF +FFWFT
 VTJOH BO 4.5
TPMWFS UP EFDJEF XIJDI WJFX PG TFDSFU EBUB UP SFWFBM CBTFE PO B QPMJDZ� -BUFS
 CPUI BVUIPST DPMMBCPSBUFE UP JN�
QMFNFOU +FFWFT VTJOH GBDFUFE FYFDVUJPO� <�>� य़JT GPSNVMBUJPO JODMVEFT ੗STU�DMBTT MBCFMT
 BOE JT UIF CBTJT GPS PVS
DPODSFUF TFNBOUJDT�

4FWFSBM PUIFS F੖PSUT JOUP EZOBNJD BOBMZTJT GPS JOGPSNBUJPO ੘PX BSF XPSUI OPUJOH� 4UFGBO FU BM� <��> ੗STU QSF�
TFOUFE LIOۘB NPOBE 	XJUI JNQMFNFOUBUJPO JO )BTLFMM
 UIBU USBDLT QSJWJMFHF PG UIF DVSSFOU QSPHSBN DPVOUFS BOE
GPSCJET F੖FDUT UIBU XPVME WJPMBUF UIF TFDVSJUZ QPMJDZ� *U NBZ CF TVSQSJTJOH UIBU LIO XPSLT XFMM GPS )BTLFMM QSP�
HSBNT
 HJWFO UIBU GBDFUFE FYFDVUJPO JT NPSF QSFDJTF UIBO LIOۘBMMPXJOH WBMVFT UP CFDPNF GBDFUFE SBUIFS UIBO
IBMUJOH UIF QSPHSBN� 0OF LFZ EJ੖FSFODF JT UIBU )BTLFMM QSPHSBNT FNQIBTJ[F QVSJUZ XIJMF MBOHVBHFT TVDI BT
+BWB4DSJQU 	UIF PSJHJOBM UBSHFU PG GBDFUFE FYFDVUJPO
 EP OPU
 TP NVDI PG UIF NBDIJOFSZ GPS GBDFUFE FYFDVUJPO۝T FG�
GFDU PO UIF TUPSF JT MFTT JOUFSFTUJOH� 4FWFSBM BVUIPST IBWF JNQMFNFOUFE SFMBUFE TZTUFNT UP LIO
 JODMVEJOH WBSJBOUT
PG GBDFUFE FYFDVUJPO <��> BOE WBSJBOUT PG LIO UIBU FYUFOE JUT QPXFS UP BSCJUSBSZ NPOBE USBOTGPSNFST <��>�

� $0/$-64*0/ "/% '6563& 803,
*O UIJT QBQFS
 XF IBWF SFWJFXFE UIF PQFSBUJPO PG GBDFUFE FYFDVUJPO
 B MJOHVJTUJD QBSBEJHN FOBCMJOH QPMJDZ�
BHOPTUJD QSPHSBNNJOH
 BOE TIPXFE IPX JU NBZ CF JNQMFNFOUFE XJUIJO UIF 3BDLFU QSPHSBNNJOH TZTUFN BT B
MJCSBSZ PG NBDSPT� "T 3BDLFU NBDSPT QFSNJU DPSF MBOHVBHF GPSNT 	JODMVEJOH GVODUJPO BQQMJDBUJPO
 λ�BCTUSBDUJPO

DPOEJUJPOBMT
 NVUBUJPO
 FUD�
 UP CF SFXSJ॒FO BSCJUSBSJMZ
 JU JT QPTTJCMF UP NPEJGZ UIF NFBOJOH PG UIFTF GPSNT UP
TVQQPSU B GBDFUFE TFNBOUJDT EJSFDUMZ� 8F DBMM PVS QSPUPUZQF TZTUFN 3१३५ॺॹ� 3BDLFU XJUI 'BDFUT�

य़F BEWBOUBHF PG UIJT BQQSPBDI JT UIBU GBDFUFE
 QPMJDZ�BHOPTUJD
 QSPHSBNT NBZ CF XSJ॒FO EJSFDUMZ JO 3BDLFU

NBLJOH VTF PG UIF XFBMUI PG 3BDLFU DPEF BMSFBEZ BWBJMBCMF� " DFOUSBM DIBMMFOHF PG UIJT UIFO
 JT IPX UP FOTVSF UIFSF
JT B TPVOE 	X�S�U� TFDVSF NVMUJ�FYFDVUJPO
 BOE QSBDUJDBM JOUFS�PQFSBUJPO CFUXFFO 3१३५ॺॹ BOE TUBOEBSE 3BDLFU 	PS
PUIFS MBOHVBHFT XSJ॒FO BT MJCSBSJFT JO 3BDLFU
� 0VS BQQSPBDI UP UIJT IBT CFFO UP VTF B UBHHJOH TDIFNF UIBU
JEFOUJ੗FT WBMVFT GSPN 3१३५ॺॹ TP VOUBHHFE WBMVFT NBZ CF USFBUFE CZ 3१३५ॺॹ BT PSJHJOBUJOH GSPN B OPO�3१३५ॺॹ
MBOHVBHF� 'PS FYBNQMF
 B QVSF 3BDLFU GVODUJPO UIBU JT OPU UBHHFE
 CFJOH BQQMJFE BU B #%app GPSN JO 3१३५ॺॹ
 DBO
CF BVUPNBUJDBMMZ MJॏFE UP TVQQPSU '& 	TP UIBU JU DBO TQMJU XIFO BQQMJFE PO B GBDFUFE WBMVF
�

0VS IZQPUIFTJT JT UIBU UIJT UBHHJOH TDIFNF JT LFZ UP QFSNJ॒JOH JOUFS�PQFSBUJPO CFUXFFO 3१३५ॺॹ BOE 3BDLFU

BOE XF IBWF JNQMFNFOUFE B GBDFUFE
 XFC�CBTFE HBNF PG #B॒MFTIJQ UP FYQMPSF UIJT JEFB� 8F TVTQFDU UIBU B NPSF
UIPSPVHI JOWFTUJHBUJPO PG MJLFMZ JEJPNT GPS GBDFUFE
 OPO�GBDFUFE NPEVMF JOUFSBDUJPO JT OFFEFE BOE UIBU QVSFMZ
GVODUJPOBM DPEF QMBZT B TQFDJBM SPMF BT B EFHFOFSBUF DBTF XIFSF BSCJUSBSZ OPO�GBDFUFE DPEF NBZ CF MJॏFE UP
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